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Abstract Our starting point is the elegant mechanism for high-level incre-
mental computation presented in [1]. The paper comes with a 69-
This paper presents a monadic approach to incremental computadine Standard ML [11] library that “under the hood” maintains a
tion, suitable for purely functional languages such as Haskell. A dependency graph to support efficient recomputation due to incre-
program that uses incremental computation is able to perform anmental changes in the input. Using this library, a programmer can
incremental amount of computation to accommodate for changes indevelop applications that support incremental computing on a high
input data. Recently, Acar, Blelloch and Harper presented a small level, without having to deal with the intricacies of checking if re-
Standard ML library that supports efficient, high-level incremental computation is needed, or keeping the necessary data dependencies
computations [1]. Here, we present a monadic variant of that li- consistent. This is demonstrated by examples in [1] and in the fol-
brary, written in Haskell extended with first-class references. By lowing sections.
using monads, not only are we able to provide a purely functional
interface to the library, the types also enforce “correct usage” with- We will show how the ML library can be turned into a purely func-
out having to resort to any type-system extension. We also find op- tional Haskell [13] module, using first-class references.
timization opportunities based on standard monadic combinators.
In the next section, we give an example of incremental program-
This is an exercise in putting to work monad transformers with en- ming, and present the ML library, which is our starting point. Sec-

vironments, references, and continuations. tion 2 develops a monadic interface in Haskell, based on considera-
tions on how the interface should be used, and on the ML interface.
Categories and Subject Descriptors Section 3 puts the monadic interface to a more serious test by us-

ing it for two larger examples: the incremental Quicksort, and a
spreadsheet embryo. We describe the key parts of the monadic im-

D.1 [Software]: Programming Techniques plementation in Section 4, and Section 5 concludes.

General Terms 1.1 The ML Library
Algorithms, Design, Languages Using the library from [1], we can express the following incremen-
1 Introducti tal computation in Standard ML:

ntroauction

let val m mod (op=) (fn d => write(d,1))

It is often a tedious task to translate a library from an imperative val mplusl = mod (op=) (fn d =>
language into a purely functional language. Types need to mir- reéd(m’fn v =>
ror where different effects may happen, and here, the standard ap-, ) write(d,v+1)))
proach is to use monads [16]. The reward is that the interface of the ™" C::nieaézzf) ;
purely functional library is more precise about what effects differ- propag

end
ent operations have. It can also happen that monads lead us to an

interface that is simpler, and more precisely captures how the op- Thjs defines to be amodifiableinteger, with the value. It also de-
eratlons can be correctly .comblned. The exercise described in thisfines the modifiableplus1, to be whatever value has, plust. We
paper is an example of this. then change the value ato 2, and instruct the library to propagate
that change to all dependent modifiables. The incremental library
uses the comparison operation we supplieg) to decide that the
new value ofu really is different from the old. It keeps track of
the fact thatplus1 must be recomputed, since it read the value of
m. The recomputation is done by applyiffy v => write(d,v+1)
Permission to make digital or hard copies of all or part of this work for personal or {0 the modified value of m. As a resuitplus1 will change tos.
classroom use is granted without fee provided that copies are not made or distributed This concludes our first, somewhat trivial example of an incremen-
for profit or commercial advantage and that copies bear this notice and the full citation tg| computation.

on the first page. To copy otherwise, to republish, to post on servers or to redistribute

to lists, requires prior specific permission and/or a fee. . . . . . .
ICFP’02,October 4-6, 2002, Pittsburgh, Pennsylvania, USA. The complete signature of the ML library is given in Figure 1.

Copyright 2002 ACM 1-58113-487-8/02/0010 ...$5.00 Note that Acaret al. talks aboutadaptivecomputation, but in what



signature ADAPTIVE =
sig
type ’a mod
type ’a dest
type changeable
val mod: (’a * ’a -> bool) ->
(’a dest -> changeable) -> ’a mod

val read: ’a mod * (’a -> changeable) -> changeable
val write: ’a dest * ’a -> changeable
val change: ’a mod * ’a -> unit
val propagate: unit -> unit
val init: unit -> unit
end

Figure 1. Interface for the SML adaptive library

follows, we will mainly use the more traditional terimcremental
computation.

The type’a mod stands for a modifiable (variable) of type. These
modifiables are defined hyd andwrite, changed byhange and
propagate, and read byead. The types prevent a user from di-
rectly reading a modifiable: since the values of modifiables might
change, it only makes sense to read them while defining values of
other modifiabled. The vehicle here is the typangeable, which

represents a computation that might depend on other modifiables,
S

and thus might need to be recomputed. Changeables are expre
sions that read zero or more modifiables in a continuation-passing
style, and finally write to the modifiable being defined or updated.
It is the job of thedestinationparameter (of typea dest), pro-
vided bymod, to keep track of which modifiable should be written.

In the example we saw, the destination parameters were called
There is one more operation in the ML libraagit. This is a meta
operation used to initialize the library.

1.2 Correct usage

For the library to work correctly, each changeable expression must
use its destination exactly once, in a write operation (this is called
correct usagen [1]). Unfortunately, the types of the operations

are not precise enough to prevent incorrect usage. Here are two

examples (we will abstract over the comparison operations in the
following ascmp, cmp’ eto):

mod cmp (fn d => write(d,1); write(d,2)): Incorrect—
the destination is used in two write operations.

mod cmp (fn d
mod cmp’ (fn 4’
nationd is used
write operation.

=> write(d,
=> write(d,1)))): Incorrect—the desti-
more than once amd is not used in any

The implementation of the ML library given in [1] does checks at

2 Translation into Haskell

How should we approach the problem of translating the ML library
into the purely functional Haskell? Here, readers might stall and
say that there is not much we can do before we have looked at the
implementatiorbehind the interface in Figure 1. Naturally, we will

do this in due time. However, it is useful to start out by taking a
step back and just look at the interface, the types of its operations,
and use patterns.

2.1 Use patterns for changeables

Changeables are written in a continuation-passing style (CPS) in
which a number of modifiables are read, followed by a write oper-
ation to a destination. Here is an example:

m = mod cmp (fn d => read(ml, fn vl =>
let val x f vl in
read(m2, fn v2 =>
let val y = g vl v2 in
write(d, (x,y))

end)

end))

This style makes the order of the read operations explicit, and the
ML library observes these to build a dependency graph that de-
scribes the work needed to recomptutgiven changes aft or m2.

If m1 changes, the subexpressianvi => ... needs to be recom-
puted, which involves calling andg. If m2 changes, but natt, we

only need to recomputen v2 => ..., which only involves calling

g.

2.2 The relation between CPS and monads

We can easily adopt the CPS for our Haskell library, but we actu-
ally benefit from using a monadic style instead. There is a close
correspondence between continuations and monads [16]. In CPS,
operations take a continuation, which is of some “answer” #pe
This continuation is possibly parameterized by some value that the
operations provide. Operations of tyfle— A) — A correspond to

a monadic operatio@a, and we can think of these types as syn-
onyms. As an example, assuming we have the CPS operatons
andop2, we can define an adding combinasgs (from now on, we

will use Haskell syntax):

op3 k = opl (\a -> op2 (\b -> k (a + b)))

The combinator can be expressed in a monadic style instead, elim-
inating the continuation parameter:

op3 :: C Integer
op3 = opl >>= \a -> op2 >>= \b -> return (a + b)

runtime that catch some incorrect uses, but not all. To ensure correct h d the followi for th L
usage statically, a special-purpose functional language with a modalH€re we have assumed the following types for the operations:

type system is presented in [1].

Is it possible to design the interface of the library so that correct us-

age can be statically ensured, without any type-system extensions%eturn : :

In what follows, we will see how a monadic framework can guide
us toward a solution.

ITherefore, any interesting adaptive program using this inter-
face must ultimately rely on side effects to make the values of mod-
ifiables observable.

opl : C Integer

o :: C Integer

(>>=) ::Ca->(a->Chb) ->Chb
a->Ca

The last two operations are thénd and unit operations that ev-

ery monad has. So far, the monadic style might seem complicated
compared to CPS, where we didn’t have to use bind and unit. But
the benefit is that we have eliminated the continuation parameter,
thereby preventing derived operations from using non-local jumps.



For example, using CPS, nothing prevents us from defining an op- | newtype A a
erationbad that ignores the continuation parameter and instead in- | Rewtype C a

vokes some other continuation that happens to be in scope: newtype Mod a
instance Monad A

instance Monad C
bad k = opl (\a -> op2 (\b -> k’ (a + b)))

class Monad m => NewMod m where

By hiding the continuation inside the abstraction barrier of a monad, newModBy :: (a -> a -> Bool) -> C a -> m (Mod a)
we can keep better control over how it is used. Now, this is good | instance NewMod A

news! It indicates that we are approaching a solution that prevents| instance NewMod C

the incorrect usage examples given in Section 1.2. A key observa-

tion is that the destination parameter, in conjunction with the write |newMod — :: (NewMod m, Eq a) => C a -> m (Mod a)
operation, plays the role of a continuation that can be hidden from | TeadMod  :: Mod a => C a
the user. change :: Mod a =>a > A ()
propagate :: A ()
2.3 Changeables as monads Figure 2. Interface for the Haskell adaptive library.

Let us look at the types of the operations from Figure 1 that involve
changeables. We will adapt these types to Haskell by capitalizing

type constructors and using curried functions: Let us make the design decision that the imperative change and

propagate operations should be prevented inside changeables. This
suggests that these operations live in another monad, which we can

mod :: (a -> a -> Bool) -> .

(Dest a -> Changeable) -> Mod a call A for Adaptive. The monadic types for change and propagate
read :: Mod a -> (a -> Changeable) -> Changeable will then be:
write :: Dest a -> a -> Changeable

change :: Mod a -> a -> A QO

From what we have learned, we see thatithe operation stands ~ Propagate :: A O

out as a candidate for a monadic operation that we can name

i ith?
readMod: How do we create modifiables to start with? The type of

correctMod only allows for the creation of modifiables inside other
modifiables! Why not allow creation of modifiables in thenonad

readMod :: Mod a -> C a
too?

Here,c a is the monadic type that corresponds to the CPS type

i -> a -> -> ->
~> Changeable) -> Changeable. correctModA (a a Bool) Ca A (Mod a)

Experienced Haskell programmers will immediately spot that this
type is a candidate for aoverloadedoperation. Let us define a
classiewMod, and assume we hawewMod instances for the andc
monads. The overloaded operation has type

What is the monadic analog t@ite? Answer: nothing at alll As

we already mentioned, we want the write operation to be part of the
continuation that we hide from the user. Another way of saying this

is that instead of providing the write operation to the programmer,

we put it into themod operation itself. This makes sense, since the

write operation concludes every correct changeable. Intuitively, it
should be almost effortless to push it “over the edge”, effectively

factoring it out. We can try to capture the correct usage pattern by
providing the derived operatiatbrrectMod instead Ofod:

NewMod m => (a -> a -> Bool) -> C a -> m (Mod a)

Not only does this allow us to use the same name in hathdc

for creating modifiables, it also enables us to derive more operations

that can be used in both monads.

correctMod :: (a -> a => Bool) -> C a -> C (Mod a) . . .

correctMod cmp ¢ = mod cmp (\d -> ¢ (\a -> write d a)) While we have our overloading hat on, our attention is drawn to the
comparison operation of type -> a -> Bool. In cases like this,

We will refine this in a moment; by this definition we merely try to  there is a tradition in Haskell libraries [12] to provide two opera-

convey the intuitive relation with the originaba operation. Note  tions, one which is conveniently overloaded in the Eq class, and

that we need a monadic type fesrrectMod: otherwise, the effects ~ one which gives precise control over the comparison operator. For

in its argumentc cannot be performed_ SeprrectMod executes example, we have thaib andnubBy functions from the List Ilbrary:

c, returning a new modifiable. Note also that sinegrectMod

is an operation irt, it is possible to create modifiables inside the

creation of other modifiables. This is particularly useful for defining o

recursive data structures that contain modifiables, as we shall see in

Section 3.1.

nubBy :: (a -> a -> Bool) -> [a] -> [al
nub :: (Eq a) => [a] -> [a]
ub = nubBy (==

We will follow this tradition, and provide the convenient operation

s - . Mod with which users don’t have to specify the comparison op-

Now, it is time to look at the remaining operations that let us change -or.. e . !

the values of a number of modifiablgespand then to propagate ?heeratlon. Tgus, we end up with a library interface that we summarize
’ in Figure 2.

changes. These are highly imperative in nature and access and
manipulate the underlying dependency graph. Therefore, it makes .
sense to look for monadic types for these operations. Should they3 Examples in Haskell

be operations in themonad? This would mean that changeable ex-

pressions could invokehange andpropagate, which could invoke Before we throw ourselves into the implementation details behind
other changeable expressions, possibly resulting in infinite loops. the interface in Figure 2, let us “dry run” it against some examples.



In an example similar tep3 in Section 2.2, we can define a monadic
operationop4:

>>= \a >
>>= \b ->
c a+b

op4 = opl
op2
let
in
op3 >>= \_ ->
return c

Using the do notation, the bind operation and lambda is combined
into a left arrow, and we get a shorter notation for operations for
which we are only interested in their effect%):

op4 = do a <- opl
b <- op2
let c
op3
return c

a+b

Figure 3. Example of Haskell’s do notation

This will reveal if we can combine the operations in a useful way,
and we will let the examples suggest extensions to the interface.
For our examples, we will use Haskell¥® notation[13], which
provides convenient syntactic support for monadic programming.
Figure 3 explains the do notation briefly.

A first example immediately comes to mind: let us translate the
incremental ML computation from Section 1.1. Since value decla-
rations in ML are effectful, we put them in a do command sequence:

do m <- newMod (return 1)

NIL

datatype ’a list’ =
| CONS of (’a * ’a list’ mod)

(x modl : (’a list’ dest -> changeable) ->
’a list’ mod *)
fun modl f = mod (fn (NIL,NIL) => true
| _ => false) f
(x filter’ (’a -> bool) -> ’a list’ mod ->

’a list’ mod *)
fun filter’ £ 1
let fun filt(1l,d) = read(l, fn 1’ =>

case 1’ of
NIL => write(d, NIL)
| CONS(h,r) =>

if f(h) then write(d,
CONS(h, modl(fn d => filt(r,d))))
else filt(r, d))
in modl(fn d => filt(1, d))
end

(* gsort’ : int list’ mod -> int list’ mod *)
fun gsort’(1l) =

let fun gs(l,rest,d)
case 1’ of

NIL => write(d, rest)

= read(l, fn 1’ =>

| CONS(h,r) =>

let
val 1 = filter’ (fn x => x < h) r
val g = filter’ (fn x => x >= h) r
val gs = modl(fn d => gs(g,rest,d))

in qs(1,CONS(h,gs),d)

end)

in modl(fn d => qs(1,NIL,d))

end

Figure 4. Incremental Quicksort in ML.

mplusl <- newMod (do v <- readMod m
return (v+1))

change m 2

propagate

Typically, Haskell programmers avoid parentheses around a poten-
tially large expression that is the last argument of some function by
using the low-precedence operagoiUsing this style, the example
becomes

do m <- newMod $ return 1
mplusl <- newMod $ do v <- readMod m
return (v+1)
change m 2
propagate

It is instructive to compare this with the ML code in Section 1.1.

Note how the destination parameters have disappeared, and that th
changeables don't use any write operations. It is obvious that by
eliminating the write operation, changeable expressions get a more
declarative feel.

On the other side, we no longer hide the fact that the creation of
modifiables is an effect. Finally, the continuation passing style used
in the changeables has been replaced by the monadic style. Thus
monads offer the one stylistic glue that holds the Haskell example
together.

data List’ a = NIL | CONS a (Mod (List’ a))
deriving Eq

filter’ (Eq a, NewMod m) =>
(a -> Bool) -> Mod (List’ a) ->
m (Mod (List’ a))
filter’ f 1 = newMod (filt 1)
where
filt 1 = do

1’ <- readMod 1
case 1’ of

NIL
CONS h r
if £ h

=> return NIL

>

then CONS h ‘liftM¢
newMod (filt r)

else filt r

gsort’ (0rd a, NewMod m) =>
P Mod (List’ a) -> m (Mod (List’ a))
gsort’ 1 = newMod (gs 1 NIL) where

gs 1 rest = do
1’ <- readMod 1
case 1’ of
NIL -> return rest
CONS h r -> do
1 <- filter’ (<h) r
g <- filter’ (>=h) r
gs <- newMod (gs g rest)
gs 1 (CONS h gs)

After this example, we have enough confidence to try some larger
examples.

Figure 5. Incremental Quicksort in Haskell.



3.1 The incremental Quicksort Lifth :: Monad m => (a ->b) > ma ->mb

1iftM f ma = do a <- ma

. . . . . return (f a)
Acaret al.present an incremental version of Quicksort in [1], which

we show in Figure 4. This version accepts as input a variant of gjq
the standard list type that allows the tail of a list to be modified i
(the type’a 1ist’). This data structure is particularly useful for o\ \sed both in the outer-levemonad, and in changeable expres-
input lists to which we want to append data incrementally. Indeed, gjons living in thec monad. Note that theewMod operation is used
the authors show that the incremental Quicksort can insert a NeWinsige i1t which in turn is inside aewlod Operation ingilter’.
element appended to its input list of lengtfin expectedO(logn) This is one example in which it is necessary to create modifiables
time. in the changeable monad

we observe that the types ffiter’ andgsort’ are both
overloaded monadic operations in tiemMod class. Thus they can

A version that uses the Haskell variant of the incremental library
is shown in Figure 5. Let us go through the principal differences
between the two variants.

The conservative comparison operation. ML-Quicksort uses a
conservative comparison operation in constructing modifiable lists

in themod1 definition. The comparison treats all modifiable lists as . ' .
A classic example of a program that benefits from incremental com-

different unless they are empty. Although this conservative com- oo
parison operation may trigger changeables to be recomputed moreDlJtatIon IS aspre_adsheetA large spreadsheet can have thousands
of cells, containing numbers and formulas referring to other cells.

often than needed, it has the benefit of being computable in constanRN
time.

3.2 An embryonic spreadsheet

hen a user updates a cell, an efficiently implemented spreadsheet
program only redraws that cell and other cells that depend on it. Let
us see how the basic mechanism behind a spreadsheet program can

Haskell-Quicksort instead appeals to the overloaded equality op- be implemented using the incremental library,

eration derived in the definition afist’. This equality operation

in turn consults underlying equality operations on the elements of
the list, and on modifiables. How do we test if two modifiables
are equal? We cannot really hope for semantic equality here, since
modifiables depend on the changeable computations. Moreover,y . gxpr v =

semantic equality would not be a pure operation, since modifiables ¢onst Integer | Add (Expr v) (Expr v) | Cell v

can be modified! Let us make the design decision that we only  deriving Eq

provide the conservative equality operation for modifiables, which

is true if and only if the arguments are teamemodifiable. This With this type, we intend to express integer constants, addition of
leads us to our first extension of the interface in Figure 2. We state expressions, and referencesvimluesof other cells. What should
that there is an instance declarationiiea a in Eq, which does not the type of a cell’s value be? Since the content of a cell might be
depend on equality fox: changed by the user, it should be a modifiable:

We start by defining a datatype that captures the abstract syntax for
expressions of cells.

instance Eq (Mod a) type Value = Mod Integer

For Haskell programmers, this instance might come across as aNOW. We can write an evaluator for our expressions. Since expres-
weird member of thegq class. Usuallygq instances are not conser- ~ SIONS might refer to other cells, the valu_e of an expression might
vative; rather, they tend to lump elements together in equivalence change. Therefore, we put the evaluator indhieonad:
classes. However, the most important property ok@amstance is oval :: Exor Value —> C Integer
that its equality operation forms an equivalence relation, and this is ___; &éonsi’ i) = return i g
indeed the case with our instance for modifiables. eval (Add a b) = return (+) ‘ap‘ eval a ‘ap‘ eval b
eval (Cell m) readMod m
The comparison operation in Haskell turns out to be less conserva-
tive than its ML counterpart. Not only does the Haskell operation Here, we have used the left-associative infix operapwhich can

identify empty lists as equal, it returns true for lists whose heads pe seen as the function application operation lifted to a monad:
are equal and whose tails are the same modifiable. Still, it runs in

constant time for lists over basic types suctissandchar. ap :: Monad m =>m (a ->b) =>ma->mb
ap mf ma = do
The changeable expression#\gain, we see that the monadic ver- f < mf

sion eliminates all destination variables, continuations, and write 2 <~ ma
operations. The cleanup is significant, sidgeet andqgs no longer return (f a)

need destination parameters. . . . .
P By usingap andreturn, we lift the addition function to the monad

Monadic styles. Sincenewtod is a monadic operation (in contrast and apply it to the results of the recursive calls to the evaluator.

to mod), we cannot directly apply theons constructor to it in the
recursive call irei1t. The standard remedy is lift the constructor
function to a monadic function usirg ftM:

The evaluator is a straightforward example of a monadic interpreter
[16]. The interesting case is when we encountesa, where we
have to useeadMod to access the value of the cell.

We can now use the evaluator to createeli containing a modifi-
able expression:



type Cell = Mod (Expr Value) We then change the expressioncafto be the value oé1 plus 40.

The propagation of this change on line 5 triggers the new value of

newCell :: NewMod m => m (Cell, Value)
c2 to be printed:

newCell = do
¢ <- newMod $ return (Const 0)
v <- newMod $ readMod c >>= eval
return (c,v)

c2 = 40
Finally, the change o1, once it's propagated on line 6, triggers

ThenewCell operation creates and returns a new cell with an initial changes in the values of both cells, so two more lines are being

value of zero. But not only does it return the cell, it also returns its output:

value. This value is calculated usirgal, and since it is modifi-

able, it will track future modifications of the cell. cl =2
c2 = 42

How can we try this out? It turns out that there is a major flaw ) . . o

in our monadic interface: there is no way to “run” any computa- What happens !f we introduce a C|rcullar|ty in the s.preadshegt? In
tions in thea monad. Moreover, the modifiables are rather useless OUr €xample, this can be done by adding the following operations:
as it stands, since they can only be observed while defining other
modifiables. How should we allow for modifiables to be observed? 8 ~ change ci (Cell v2)

For a fully-fledged, interactive spreadsheet program, changes to a°  P*°P2gate

cell will trigger rendering operations in the user interface. For our
purposes, it will suffice if we can print strings to the screen. This

suggests that we need some means of putting I/O operations in th

¢ andA monads, and that we need a way to invekeomputations
from the top level in a Haskell program, that is, from tilenonad:

class InI0 m where
inI0 :: I0 a -> m a

instance InIO A
instance InIO C

inA :: A a ->1I0 a

Now, we can expand our spreadsheet example into a complete ada

tive program. Let us first definecell observetthat creates a cell,
and also observes its value by printing to the screen:

newCellObserver :: NewMod m => String -> m (Cell, Value)
newCellObserver 1 = do
(c,v) <- newCell
newMod $ do
x <- readMod v
inI0 $ putStrLn (1 ++ " = " ++ show x)
return (c,v)

Here,putStrLn is a standard operation for printing a string to the
screen. When we create a cell withwCel10bserver applied to

e

p_

The answer is not too surprising: the library will loop in search for
a fixpoint. In this case, there is no fixpoint, and the loop will be
infinite.

3.3 Optimizing the ap combinator

Let us reconsider the definition fap that we defined in conjunction
with the evaluator. Suppose that the expressipbreads the value

of a modifiable which has changed. This triggers a recomputation
of nf, yielding a new value fof. The library will recompute every-
thing that comes after the binding ofin particularma. But this is

a waste, sincea doesn’t have as a free variable! We can isolate
the changes inf from ma by introducing an auxiliary modifiable:

p::C(a->b) >Ca->Chbh

ap mf ma = do
m <- newModBy (\_ _ -> False) mf
a <- ma

f <- readMod m
return (f a)

The changed value fromft has now been captured inside We
carefully avoid looking at this value untilfter evaluatingna.

In the original definition okp, changes insidea did not trigger re-
computation ofuf, sincemf was evaluated befora. The optimized

some label, its initial value will be printed. Moreover, whenever Version is more symmetric, in that there are no dependencies in any

the value of the cell changes, the new value will be printed. This direéction between the arguments. By using the optimized version in

can happen if we change the expression in the cell, or if the cell the evaluator, we achieve a fine-grained incremental computation:

refers to some other cell value that changes. a changed cell value propagates up the spine of the expression tree,
but no other subtrees of the expression need to be recomputed.

Let us useewCellObserver in a small program to create two cells,

and then change their values to observe the effects: Itis an interesting exercise to develop the spreadsheet example into

a more complete spreadsheet program, but we leave it for now.
main = inA $ do
(c1,v1) <- newCellObserver "cl" £1
(c2,v2) <- newCellObserver "c2"

1

2 Implementation
4 change c2 (Add (Cell v1) (Const 40))

5

6

7

Most of the implementation behind the interface in Figure 2 closely
follows the ML implementation in [1]. In this section, we will give

a short recapitulation of the mechanism implemented in the library,
and then present our implementation, focusing on parts that differ
from the ML implementation. The complete Haskell implementa-
tion is available online at [3].

propagate
change c1 (Const 2)
propagate

The creation of the two cell/value pairs in lines 2 and 3 result in
their initial values being printed to the screen:

cl

5 0 The implementation relies on the following principal data struc-
[ed

0 tures:



Dependency graph: Each modifiable acts as a node, and carries 4.1 Monad transformers and parameterized
a list of dependent changeables (acting as edges). The edges are modules
created dynamically: during evaluation of a changeable, an edge is

added to the dependency list of each modifiable it reads. In order to make the library as reusable as possible, we have actu-

. » . ally implemented a more general interface than Figure 2 shows. The
Evaluation queue: When a modifiable is changed by theange more general approach usesnad transformerf.0], and these en-
operation, all its edges are moved to an evaluation queue, so thaigple us to employ the incremental library not only on top of the 1/0
dependent modifiables can be updated. This queue is processeghonad, but on any underlying monad that provides first-class refer-
when thepropagate operation is invoked. It can happen that the ences. Therefore, we would like to parameterize the interface with
evaluation of a changeable in the queue results in a change of itsrespect to this underlying monad. Unfortunately, Haskell lacks the
corresponding modifiable. In this case, the modifiable’s edges arepossibility to express modules that are parameterized in any way,
in turn added to the queue. unlike Standard ML or Cayenne [2]. Recently, a design for first-

. ) ) ~ class modules in Haskell has been proposed [15], but it is not yet in-
Ordered list: Each edge in the dependency graph is annotated with corporated in any of the mainstream compilers or interpreters [5, 6].
a time interval, so that changeables in the evaluation queue (which
is a priority queue) can be processed in the same order they werewjijthout the ability to parameterize our interface over the underly-
created. The evaluation queue is also pruned of edges whose timgng monad, what do we do? We could declare a record type with
intervals are contained in those of other edges in the queue. Thefields corresponding to the operations in the interface, along the
ML library uses an efficient implementation of ordered lists due to |ines of [14]. However, we would still need to parameterize every
Dietz and Sleator [4] to get apt operations on time intervals. new type declared in the interface by the underlying monad.

The notion of time used in the library does not correspond to any- with no completely satisfying solution at hand, we resort to the
thing like real time or computation time. Rather, itis used to capture traditional, verbose solution: to parameterize the individual defini-
the precise order in which modifiables are read and written. tions in our interface as necessary. To make the impact as small as

) ) ~ possible, we capture the needed properties of the underlying monad
To understand how this aspect of the library works, let us consider in the clasfes:

the following program fragment:
class Monad m => Ref m r | m -> r where

ml <- newMod $ newRef i a->m (r a)
do v <- readMod m readRef :: ra ->ma
ifv>0 --A writeRef :: ra ->a->m ()

then do m2 <- newMod $ do v <- readMod m

return (1 / v) -- B With the classef m r, we can capture all monadswith an as-

sociatedreferencetyper. In our definition, we have used two ex-

else ...

We assume that there is already a modifiableated. The pro-
gram fragment will add the nodes andm2 to the dependency
graph. Since both the newly created modifiables kgdbe library
adds the changeable startingaaand the changeable atas edges
to the list of dependent changeables of nade

Now, suppose that the value nfis changed to zero. The library
will move all the edges ofi to the evaluation queue. This sched-
ules recomputation of the changeableands. Now, we see that
the recomputed value afi will follow the e1se branch of the con-
ditional, som2 is no longer part of the value af.. It would thus not
only be a waste to recompuse it would raise a division-by-zero
exception!

So the library needs to ensure tiBadoes not get recomputed. We
observe that the changeable is contained within tachangeable.

tensions of Haskell:multi-parametertype classes [8], anfunc-
tional dependencief], which in conjunction have turned out to
be a very versatile tool. The functional dependency> r tells us

that the reference typeis uniquely determined by the monad type
m. This helps resolving ambiguities when we define monadic oper-
ations that need references internally. Here is a trivial example, that
creates a reference and immediately reads it:

ex :: Ref m r => m Integer
ex = newRef 42 >>= readRef

This can be used in any monad which is an instance of#fe
class. Thanks to the functional dependency o m, the type of

the reference can also be determined, although it is a completely
internal affair toex.

First-class references are the monadic equivalent of the ML type
ref, and its associated operatiang, !, and:=, for creating, read-

Therefore, the library will consider containing changeables for re- ing and assigning references. The standard libraries of Haskell do
computation before contained. As it recomputes a changeable, itnot have any instances for first-class references, but since the intro-
will prune all contained changeables from the evaluation queue. In duction oflazy functional state threadmd thesT monad [9], most

our example, this ensures thais recomputed and thatis pruned.

implementations provide libraries with first-class references.

The library uses the time intervals to decide when one queued The underlying monadl, its reference type, and the contexgef
changeable is contained within another. During recomputation, anm r will show up everywhere in the interfaces that we will present.
arbitrary number of time stamps might need to be created within a Therefore, for the sake of clarity, we will take the liberty of present-

given time interval. Also, efficient deletion of time stamps within

ing elided versions of type definitions and signatures withQut

a time interval is needed. The ordered-list data structure by Dietz andref m r. As an example, this allows us to write

and Sleator precisely meets these requirements.

newtype OL e a
newtype R e
order :: Re -> R e -> OL e Ordering



newtype PQ a cular fashion. Moreover, each record has a flag that tells whether
it has been spliced out, and an integer that is used for the order
empty :: PQ a comparison operation. The typecaptures all this information:
insert :: Ord a => a -> PQ a -> PQ a
insertM :: Monad m =>
(a -> a -> m Ordering) -> a -> PQ a -> m (PQ a) newtype R e = R (CL (Bool,Integer,e))
min :: PQ a -> Maybe (a, PQ a)
This relies on yet another monadic library for circular lists in Fig-
Figure 6. Interface for priority queues. ure 8, which also relies on our first-class references. Thedype
represents an element which is a member in a circular list. Straight-
newtype OL e a forward operations are provided to create an one-element list, get to
instance Monad (OL e) the next and previous element in the list, and to insert and return a
new element after an element. The value of an element can be read
newtype R e or updated, and the element can also be deleted from the list.
OIS GRity éR(f) Let us return to the operations on ordered lists in Figure 7. The
dzleted "' R e -> OL o Bool operations allow us to create and insert a new record after an ex-
order :Re->Re -> 0L e Ordering isting r_ecord, delete all records strictly between tvx_/o r_ecords, and
base .2 OL e (R e) check if a record has been deleted. The key operatiottisr, that
inOL .:0Lea->ma checks the relative position of two records, and returns a value in
inM :tma->0Lea the standard Haskell type Ordering:

Figure 7. Interface for ordered lists, parameterized over
data Ordering = LT | EQ | GT

Ref m r.
Using this type, a record that comes before another record has the
instead of orderingLT. Now, why does the operatiosrder have a monadic
type? Since records never move around in the disier ought to
newtype OL m r e a be a pure function! The problem is that the ordering is determined
newtype R m r e by looking at the integer references in the records, and these might
order :: Ref m r => change as new records are inserted in the list. The only way the
Rmre->Rmre->0Lmr e Ordering integer references can be read is by the monagigres.
4.2 Priority queues and ordered lists The imperative signature ofrder contaminates the otherwise

monad-free interface for priority queues in Figure 6. The usual
The ML library relies on two other libraries that implement prior- insert operation, that works for the pure ordering operation in the
ity queues and ordered lists. We give Haskell interfaces for these 0rd class, is useless if we want to insert elements using ordered-list
interfaces in Figure 6 and 7. order. We therefore provide an additional insertion operation that
allows the comparison operation to take place in a monadmIhe
For ordered lists, we have provided a monad-transformer based in-operation returns the head and tail of a priority queu&io®hing
terface, again relying on tteef class. Operations on ordered lists  if the queue is empty.
whose elements are of typdive in the monadL e. This monad
is an instance of thenvironment monad transformgr0], modeled 4.3
by parameterizing the underlying monad by the environment type. "
Our environment is a triple carrying the current size, the maximum
size, and the base record of the ordered list:

Implementation of theA and C monads

By looking inside the implementation of the incremental library in
[1], we see that it uses references for maintaining its evaluation
gueue of edges, and for keeping track of the current time. An edge
corresponds to a part of a changeable computation that starts by
(Remember that we have assumed that this type is also parameter[ead'ng an input modifiable, and ends by writing its output modifi-
able. That is, whenever a changeable reads a modifiable, an edge

ized overm andr.) The current size and maximum size of the or- L L - )

dered list can change, which is why the environment has referencescontaining the continuing changeable IS |n§erted in the deper)dency
to these. graph. It has atime interval which starts W|th_the read operation pf
the input modifiable, and ends at the final write operation. Time is
accounted here by records in an underlying ordered list, where the

values of the records are insignificant.

newtype OL e a = OL ((r Integer, r Integer, R e) -> m a)

All records in the list have type, and are linked together in a cir-

T To get the corresponding kind of state into thenonad, we use
oweype w.a the environment monad transformer again, this time on top of the

circularList :: a -> m (CL a) - .

next .:CLa->m (CL a) ordered-list monad. The environment will have references to the

previous :: CL a->m (CL a) process queue and the current time:

insert :: CLa->a->m (CL a)

val 22 CLha->ma newtype A a = A ( (r (PQ Edge), r Time) -> OL () a )

update :: CLa->a->m () type Time = R ()

delete :: CLa->m ()

Figure 8. Interface for circular lists, parameterized over It turns out that the continuations that sit in the edges precisely

Ref m r. amount toA-computations, which leads to the following type for



propagate = do mapRef it (@a->a) >ra->mQ0
let prop = do mapRef f r = readRef r >>= (writeRef r . f)
pq <- readPq
case min pq of inA ::Aa->Ca
Nothing -> return () inC Ca->Aa
Just ((reader,start,stop),pq’) -> do
writePq pq’ readCurrentTime :: A Time
unlessM (inOL $ deleted start) $do stepTime :: A Time
inOL $ spliceOut start stop stepTime = do
writeCurrentTime start t < - readCurrentTime
reader t’ <- in0OL $ insert t ()
prop writeCurrentTime t’
now <- readCurrentTime return t’
D CurrentTine now Figure 10. Some auxiliary functions.

Figure 9. Thepropagate operation.
readMod (Mod (v,_,es)) = do
start <- stepTime
cont $ \k -> do
Edge: let reader = do readRef v >>= k
now <- readCurrentTime
mapRef ((reader,start,now):) es

type Edge = (A (), Time, Time)

reader

With these types, it is straightforward to define thepagate op- Figure 11. Thereadiod operation.

eration, see Figure 9, using the same algorithm as the ML library.

It repeatedly extracts the first edge from the evaluation queue. If

the start time of the edge has not been deleted from the ordered listwe use a couple of auxiliary functions given in Figure 10. These let
it deletes all edges contained in its time interval, and evaluates its us apply a function to the value of a reference, ssperations in
changeable. thec monad and vice versa, and read and bump the current time.

Let us now turn to the definitions of temonad and the modifi- Finally, we give the implementation for themonad instance of
ables. In the ML library, a modifiable carries references to a value, theneuModBy operation in Figure 12. Just as its corresponding ML
a write operation, and a list of edges. Thus, modifiables form the operationmod, it defines two write operations that the changeable
nodes in the dependency graph. We get the corresponding type inc will use. As the name indicatesyriteFirst is only used the

Haskell: first time the value of the modifiable is being computed. It will up-
date the referencganger in the modifiable to point teriteAgain,

newtype Mod a = Mod (r a, r (a -> A ()), r [Edgel) which will be used whenever the modifiable needs to be recom-
puted. ThewriteAgain Operation compares the newly computed

In thec monad, we will capture continuations of type() to putin value of the modifiable with the old, and if they differ, all depen-

edges. This leads to the following definitions: dent changeables are queued for recomputation by means of the

auxiliary insertPQ:

=C((@-=>AaA0)->40)
m insertPQ :: r [Edgel -> A O

newtype C a
) =

deC (C m

Usually, the continuation monad comes with the operatadhwith After the definition of these write operations, the changeable is ex-

current continuationor calicc [10]: ecuted to get its value. This value is written to by using either
writeFirst Of writeAgain. This is the point where we were able

callcc :: ((a->Cb) ->Ca) ->Ca to factor out the write operation from the changeable, as promised

callcc £ = C $ \k -> deC (f (\a -> C $ \k> > (k a))) k in Section 2.3.

This operation exposes the current continuation to its argument, so

that one later can invoke it to “jump back” to the point@fiicc.

For our purposes, the operatiesnt is more appropriate: it gives us

the possibility to completely redefine what the continuation should 5 Conclusions
be, in the underlying monad:

We have presented an example of how a monadic framework can

cont :: ((@ >4 O) >A Q) >Ca lead us to a safe interface to an imperative library for incremental
cont m = Cm computing, suitable for use in a purely functional language. After
looking at some examples that use the monadic library, we found

We usecont to create the edge ifeadMod, defined in Figure 11. opportunities to optimize one of the standard monadic combinators.

The locally definedreader, of type A (), has captured the con-  As a result, the library is able to remove some artificial dependen-
tinuationk, and forms a new continuation in terms of it. The new cies, which in turn can result in less incremental work carried out
continuation reads the value of the input modifiable, and passes it towhen input changes.

k. After k has finished, it has written to its output modifiable, so the

new continuation checks the time, and forms an edge to insert in theNow, our monadic library has not only paid off by ensuring correct

dependency list of the input modifiable. Here, and in what follows, usage. Algorithms that use the combinator immediately benefit



instance NewMod A where
newModBy :: (a -> a => Bool) -> C a -> A (Mod a)
newModBy cmp ¢ = do
m <- newRef (error "newMod")
changeR <- newRef (error "changeR")
es <- newRef []
let writeFirst v = do
writeRef m v
now <- stepTime
writeRef changeR (writeAgain now)
writeAgain t v = do
v’ <- readRef m
unless (cmp v’ v) $do
writeRef m v
insertPQ es
writeRef es []
writeCurrentTime t
writeRef changeR writeFirst
inC $ do
v <- ¢
write <- readRef changeR
inA $ write v
return (Mod (m, changeR, es))

Figure 12. TheNewMod instance for A.

(3]

(4]

5]
(6]
(7]

(8]
9]

(10]

from the fact that the arguments are independent, and thus isolateo[ll]

in the dependency graph.

From a Haskell library designer’s point of view, we notice that the

optimized version of thep combinator for thec monad suggests

that this combinator should be putin a class, and that other monad

may benefit from optimized instances.

(12]

J13]

We find that Haskell as a language provides good support for [14]

monadic programming, but that the lack of parameterizable mod-
ules is a big disadvantage. Most of our interfaces include types and

operations that are parameterized over an underlying monad, anot15]

the inability to capture this parameter at one single point decreases
the clarity of the interfaces significantly. For these reasons, it was
tempting to use Standard ML or Cayenne instead for implementa-
tion language. We decided to go for Haskell, since it is a widely

used language that is purely functional. This makes it clear that [16]
all effects are captured in the monadic types. We are also pleased

to see that there is ongoing work on first-class module systems for

Haskell [15].

The implementation of our library is freely available for download

at [3].
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